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Abstract
We show that topological 3D gravity with torsion can be formulated as a
Chern-Simons gauge theory, provided a specific parameter, known as the ef-
fective cosmological constant, is negative. In that case, the boundary dy-
namics of the theory corresponding to anti-de Sitter boundary conditions is
described by a conformal field theory with two different central charges.
I. INTRODUCTION
Investigations of the classical structure of three-dimensional (3D) Einstein gravity have
had an important influence on our understanding of the related quantum dynamics [1]. In
this regard, one should pay a specific attention to the asymptotic structure of 3D gravity [2],
as well as to its formulation as a Chern-Simons gauge theory [3,4]. Following a widely spread
belief that the dynamics of geometry is to be described by general relativity, investigations of
3D gravity have been carried out mostly in the realm of Riemannian geometry [5–8]. Here,
we focus our attention on Riemann-Cartan geometry, in which both the curvature and the
torsion are present as independent geometric characteristics of spacetime [9,10].
The asymptotic structure is most clearly seen in topological theories, in which the non-
trivial dynamics can be present only at the boundary of spacetime. A general action for
topological Riemann-Cartan gravity in 3D has been proposed by Mielke and Baekler (MB)
[11,12]. The model generalizes general relativity with a cosmological constant (GRΛ) to
a topological gravity in Riemann-Cartan spacetime [13]. A specific version of the MB
model, characterized by the teleparallel geometry of spacetime without matter, has been
recently used to study the influence of torsion on the asymptotic structure of gravity [14,15].
The results show that both GRΛ and the teleparallel 3D gravity have identical asymptotic
structures (Chern-Simons formulation, conformal symmetry and Liouville dynamics at the
boundary), at least at the classical level. Thus, it seems that the asymptotic structure does
not depend on the geometric environment, but only on the boundary conditions. In the
present paper we extend these investigations to the general MB model in Riemann-Cartan
spacetime.
The layout of the paper is as follows. In Sect. II we review the basic features of the MB
model for topological 3D gravity in Riemann-Cartan spacetime, and analyze the properties
that may be of particular importance for the expected Chern-Simons structure. In Sect. 2
∗Email addresses: mb@phy.bg.ac.yu, mvasilic@phy.bg.ac.yu
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we show that 3D Riemann-Cartan gravity, in the sector where the so-called effective cosmo-
logical constant is negative, can be formulated as a Chern-Simons gauge theory. Section IV
concludes our exposition.
Our conventions are the same as in Refs. [14,15]: the Latin indices (i, j, k, ...) refer to
the local Lorentz frame, the Greek indices (µ, ν, ρ, ...) refer to the coordinate frame, and
both run over 0, 1, 2; ηij = (+,−,−) and gµν = biµbjνηij are metric components in the local
Lorentz and coordinate frame, respectively; totally antisymmetric tensor εijk and the related
tensor density εµνρ are both normalized by ε012 = +1.
II. TOPOLOGICAL 3D GRAVITY WITH TORSION
In this section we review basic features of the model for topological Riemann-Cartan
gravity in 3D proposed by Mielke and Baekler [11,12], and discuss certain dynamical issues
which turn out to be essential for identifying its Chern-Simons structure.
A. Topological gravity in Riemann-Cartan spacetime
Riemann-Cartan geometry of spacetime can be formulated as Poincare´ gauge theory
[9,10]: basic gravitational variables are the triad field bi = biµdx
µ and the Lorentz connection
ωij = ωijµdx
µ (1-forms), and the related field strengths are the torsion T i and the curvature
Rij (2-forms). In 3D we can simplify the notation by introducing the duals of ωij and Rij:
ωi = −1
2
εijkω
jk , Ri = −1
2
εijkR
jk .
After that, the gauge transformations of the fields take the form
δ0b
i
µ = −εijkbjµθk − ξρ,µbiρ − ξρbiµ,ρ
δ0ω
i
µ = −θi,µ − εijkωjµθk − ξρ,µωiρ − ξρωiµ,ρ , (2.1a)
and the field strengths are given as (wedge product signs are omitted for simplicity)
Ri = dωi +
1
2
εijkω
jωk ≡ 1
2
Riµνdx
µdxν ,
T i = dbi + εijkω
jbk ≡ 1
2
T iµνdx
µdxν . (2.1b)
General gravitational dynamics is defined by demanding the Lagrangian to be at most
quadratic in field strengths [13]. Mielke and Baekler proposed a topological 3D model, with
an action which is at most linear in field strengths [11,12]:
I = aI1 + ΛI2 + α3I3 + α4I4 + IM , (2.2a)
where IM is a matter action, and
2
I1 = 2
∫
biRi = −
∫
d3x bR ,
I2 = −1
3
∫
εijkb
ibjbk = −2
∫
d3x b ,
I3 =
∫ (
ωidωi +
1
3
εijkω
iωjωk
)
,
I4 =
∫
biTi . (2.2b)
The first two terms are inspired by GRΛ (where a = 1/16πG), I3 is a Chern-Simons action
for the Lorentz connection, and I4 is an action of the translational Chern-Simons type. The
MB model can be thought of as a generalization of GRΛ (α3 = α4 = 0) to a topological
gravity theory in Riemann-Cartan spacetime.
The field equations are obtained by variation with respect to the triad and connection.
In the absence of matter, they take the form
2aRi + 2α4Ti − Λεijkbjbk = 0 ,
2α3Ri + 2aTi + α4εijkb
jbk = 0 .
Assuming α3α4 − a2 6= 0, these equations can be written in the simple form
2Ti = Aεijkb
jbk , 2Ri = Bεijkb
jbk , (2.3)
where
A =
α3Λ + α4a
α3α4 − a2 , B = −
(α4)
2 + aΛ
α3α4 − a2 .
Thus, the vacuum configuration of fields is characterized by constant torsion and constant
curvature.
In Riemann-Cartan geometry one can use a well known identity to express the curvature
2-form Rij in terms of its Riemannian piece R˜ij and the contortion [14], whereupon the
second field equation in (2.3) can be transformed into an equivalent form,
R˜ij = −Λeff bibj , Λeff ≡ B − 1
4
A2 , (2.4)
where Λeff is the effective cosmological constant. Regarded as an equation for metric, it
implies that our spacetime is maximally symmetric [16]: for Λeff < 0 (Λeff > 0) it has the
anti-de Sitter (de Sitter) form. This equation can be considered as an equivalent of the
second equation in (2.3).
There are two interesting special cases of the general MB model: a) for α3 = α4 = 0, the
Riemann-Cartan theory leads to Riemannian geometry (A = 0), in the context of which the
Chern-Simons structure of gravity has been first discovered [3]; b) for α3 = (α4)
2 + aΛ = 0,
the vacuum geometry becomes teleparallel (B = 0), but the related Chern-Simons structure
remains the same as in Riemannian case [14,15].
B. Riemann-Cartan black hole
For a given Λeff , there is a simple method for finding classical solutions of the MB theory,
defined by the following three-step procedure: (a) use equation (2.4) to find the metric of
3
our maximally symmetric space, (b) choose the triad field so as to satisfy the condition
ds2 = bibjηij , and (c) use the first equation in (2.3) to define the related connection ω
i.
When the effective cosmological constant is negative,
Λeff ≡ − 1
ℓ2
< 0 , (2.5)
the condition for maximal symmetry (2.4) has a well known solution for the metric — the
BTZ black hole [17]. Using the static coordinates xµ = (t, r, ϕ), and units 4G = 1, it is given
as
ds2 = N2dt2 −N−2dr2 − r2(dϕ+Nϕdt)2 ,
N2 =
(
−2m+ r
2
ℓ2
+
J2
r2
)
, Nϕ =
J
r2
.
The related triad field can be chosen in the simple form:
b0 = Ndt , b1 = N−1dr ,
b2 = r (dϕ+Nϕdt) . (2.6a)
Then, the connection is obtained by solving the first equation in (2.3):
ω0 = N
(
A
2
dt− dϕ
)
, ω1 = N−1
(
A
2
+
J
r2
)
dr ,
ω2 = −
(
r
ℓ
− Aℓ
2
J
r
)
dt
ℓ
+
(
A
2
r − J
r
)
dϕ . (2.6b)
Equations (2.6) define the Riemann-Cartan black hole [13]. For A = 2/ℓ, and consequently
B = 0, this solution reduces to the teleparalell black hole [14].
General solution of the MB model possessing maximal number of global symmetries
defines the Riemann-Cartan AdS solution, AdS3. It can be obtained from the black hole
(2.6) by imposing J = 0, 2m = −1.
In Riemannian geometry, AdS3 is maximally symmetric space, hence it is locally isometric
to any other solution having the same curvature and signature [16]. Since the same property
remains valid in the MB model, our theory carries no local degrees of freedom.
C. Asymptotic AdS configuration
Dynamical properties of a theory are very sensitive to the choice of boundary conditions.
They can be thought of as a mechanism for selecting a class of field configurations which have
a special dynamical importance. Inspired by the results obtained in GRΛ and the teleparallel
3D gravity, we focus our attention on the asymptotic AdS configurations of fields, which are
determined by the following requirements [18,2]: (a) they are invariant under the action of
the AdS group, (b) include the black hole configuration (2.6), and (c) the related asymptotic
symmetries have well defined canonical generators.
At the moment, we focus our attention on the requirements (a) and (b). The asymptotics
of the triad field biµ that satisfies (a) and (b) is given by the relation
4
biµ =


r
ℓ
+O1 O4 O1
O2 ℓ
r
+O3 O2
O1 O4 r +O1

 . (2.7a)
The arguments leading to this result are the same as those in Ref. [14]. The asymptotic
form of the connection ωiµ is defined with the help of the first equation in (2.3):
ωiµ =


Ar
2ℓ
+O1 O4 −r
ℓ
+O1
O2 Aℓ
2r
+O3 O2
− r
ℓ2
+O1 O4 Ar
2
+O1


. (2.7b)
The improved conditions ω01, ω
2
1 = O4 are in agreement with the constraints of the theory
[14,15].
A direct verification of the third condition (c) would demand a rather lengthy canonical
analysis. Instead of that, we shall first derive the Chern-Simons formulation of our theory,
whereupon the condition (c) will follow straightforwardly.
III. CHERN-SIMONS FORMULATION
Our experience with GRΛ and the teleparallel 3D theory shows that the dynamical
structure of 3D gravity becomes much simpler if it can be formulated as an ordinary gauge
theory of the Chern-Simons type [3,15]. In this section we show that the general topological
Riemann-Cartan 3D gravity (2.2) can also be represented as a Chern-Simons theory.
A. Discovering SL(2, R)× SL(2, R) gauge symmetry
Every Poincare´ gauge theory is by construction invariant under the local Poincare´ trans-
formations (2.1a). We shall see that, under certain conditions, this symmetry can be repre-
sented as an SL(2, R)× SL(2, R) gauge symmetry.
Let us begin by introducing new variables and gauge parameters by the relations
Aiµ = ω
i
µ + qb
i
µ , A¯
i
µ = ω
i
µ + q¯b
i
µ , (3.1a)
ui = −θi − ξµAiµ , u¯i = −θi − ξµA¯iµ , (3.1b)
with q 6= q¯. Expressed in terms of these, the local Poincare´ symmetry (2.1a) takes the form:
δ0A
i
µ = ∇µui + ξρF iµρ , δ0A¯iµ = ∇¯µu¯i + ξρF¯ iµρ . (3.2)
where we use the notation
∇µui = ∂µui + εijkAjµuk ,
F iµν = ∂µA
i
ν − ∂νAiµ + εijkAjµAkν ,
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and similarly for ∇¯ and F¯ . Thus, local Poincare´ symmetry takes the form of an internal
gauge symmetry, provided the field equations of our theory are equivalent to
F iµν = 0 , F¯
i
µν = 0 . (3.3)
The internal symmetry can be identified with SL(2, R)×SL(2, R), as follows from the form
of the structure constants εijk and the metric ηij (see, e.g. Ref. [15] for details). Can we
really transform equations (2.3) to the form (3.3)? In order to verify this, we start from the
identities
F iµν = R
i
µν + qT
i
µν + q
2εijkb
j
µb
k
ν ,
F¯ iµν = R
i
µν + q¯T
i
µν + q¯
2εijkb
j
µb
k
ν ,
which imply that equations (3.3) can be rewritten as
Tijk = −(q + q¯)εijk , Rijk = qq¯εijk . (3.4)
Consequently, equations (3.3) coincide with (2.3) if A = −(q + q¯), B = qq¯, or equivalently:
2q = −A +
√
A2 − 4B ,
2q¯ = −A−
√
A2 − 4B . (3.5)
Demanding that the parameters q and q¯ be real and different from each other, we obtain
the following restrictions on A and B:
A2 − 4B > 0 ⇔ Λeff ≡ B − 1
4
A2 < 0 . (3.6)
– In the AdS sector of the MB theory, i.e. for Λeff < 0, the gravitational field equations
are equivalent to the Chern-Simons equations (3.3), and local Poincare´ symmetry
coincides (on shell) with the SL(2, R)× SL(2, R) gauge symmetry.
B. Chern-Simons form of the action
Having found two independent SL(2, R) gauge symmetries at the level of field equations,
we now wish to find out, following Witten [3], whether the action of 3D gravity can be
represented as a combination of two pieces, each of which depends only on one of two
independent gauge fields, A or A¯.
Starting from the Chern-Simons Lagrangian,
LCS(A) = AidAi + 1
3
εijkA
iAjAk , (3.7)
where Ai = Aiµdx
µ, Ai = ηijA
j , we can use the expressions (3.1a) for Ai i A¯i and obtain
the relation
LCS(A) = LCS(ω) + 2qbiRi + q2biTi + 1
3
q3εijkb
ibjbk + qd(biωi) .
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This result leads directly to the important identity
κ1LCS(A)− κ2LCS(A¯) = 2abiRi − 1
3
Λεijkb
ibjbk
+α3LCS(ω) + α4biTi + ad(biωi) , (3.8a)
where
a = κ1q − κ2q¯ , Λ = −(κ1q3 − κ2q¯3) ,
α3 = κ1 − κ2 , α4 = κ1q2 − κ2q¯2 . (3.8b)
Comparing with (2.2) we obtain the final result:
κ1LCS(A)− κ2LCS(A¯) = LG + ad(biωi) , (3.9)
where LG denotes the gravitational Lagrangian in (2.2).
Let us note that under the boundary conditions (2.7) the Chern-Simons actions ICS[A]
and ICS[A¯] do not have well defined functional derivatives [19,20]. However, without loss of
generality, these conditions can be refined to ensure the needed differentiability, as we shall
see in the next subsection. After that, equation (3.9) can be written in the simple form
κ1ICS[A]− κ2ICS[A¯] = I˜G , (3.10a)
where I˜G is the improved (differentiable) gravitational MB action:
I˜G = IG + a
∫
d(biωi) . (3.10b)
– The improved gravitational action of the Riemann-Cartan 3D gravity is equal to a
linear combination of two Chern-Simons actions.
The role of coefficients κ1 and κ2 is to define central charges of the theory [5].
The parameters (a,Λ, α3, α4) are functionally independent of (κ1, κ2, q, q¯) if the Jacobian
of the transformations does not vanish. From
det
∂(a,Λ, α3, α4)
∂(κ1, κ2, q, q¯)
= −κ1κ2(q − q¯)4 ,
we see that the transformation of parameters is regular for q 6= q¯. Using equations (3.8b),
we can explicitly express (κ1, κ2, q, q¯) in terms of (a,Λ, α3, α4):
q = −A
2
+
1
ℓ
, q¯ = −A
2
− 1
ℓ
,
κ1 − κ2 = α3 , κ1 + κ2 = ℓ
(
a +
A
2
α3
)
. (3.11)
The above relation clarifies the role of four parameters appearing in the action (2.2).
In particular, our gravitational theory with α3 6= 0 (and boundary conditions (2.7)) has
conformal symmetry with two different central charges :
ci = 12 · 4πκi (i = 1, 2) . (3.12)
Table 1 illustrates two particular cases belonging to the complementary sector α3 = 0.
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Table 1. Particular cases of the MB model with Λeff < 0
Conditions Geometry q q¯ κ1 κ2
α3 = 0 , A = 0 Riemannian 1/ℓ −1/ℓ aℓ/2 aℓ/2
α3 = 0 , B = 0 Teleparallel 0 −2/ℓ aℓ/2 aℓ/2
The first case corresponds to GRΛ [3], the second one to the teleparallel theory [14]. In both
cases we have two copies of the same central charge,
c1 = c2 = 48π
aℓ
2
=
3ℓ
2G
.
We can now return to the condition (c) formulated in subsection II.C. Using the relations
(3.10) and the known results concerning the canonical structure of the Chern-Simons theory,
see e.g. Refs. [5,10], one can conclude that the asymptotic symmetries of the theory defined
by the action I˜G and the boundary conditions (2.7) have well defined canonical generators.
C. Asymptotic conditions
Since the dynamical content of Chern-Simons theory is influenced by the form of bound-
ary conditions, we shall now investigate the corresponding behavior of A and A¯.
The asymptotic conditions (2.7) for the gravitational variables ωi and bi, in conjunction
with the values of q and q¯ given in (3.11), lead to the following conditions on Ai and A¯i:
Aiµ =


r
ℓ2
+O1 O4 −r
ℓ
+O1
O2 1
r
+O3 O2
− r
ℓ2
+O1 O4 r
ℓ
+O1

 , (3.13a)
A¯iµ =


− r
ℓ2
+O1 O4 −r
ℓ
+O1
O2 −1
r
+O3 O2
− r
ℓ2
+O1 O4 −r
ℓ
+O1

 . (3.13b)
Using the light-cone notation, x± = t/ℓ ± ϕ, A± = A0 ± A2, the conditions for Ai can be
rewritten in the form:
A1 =
dr
r
+O2 , A+ = O1 ,
A− =
2r
ℓ
dx− +O1 , (3.14a)
with the additional restrictions on A1:
A±1 = O4 , A11 =
1
r
+O3 . (3.14b)
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Similarly, we find for A¯i:
A¯1 = −dr
r
+O2 , A¯− = O1 ,
A¯+ = −2r
ℓ
dx+ +O1 , (3.15a)
together with
A¯±1 = O4 , A¯11 = −
1
r
+O3 . (3.15b)
Having found the boundary conditions for A and A¯, we now return to the interpretation
of the action I˜G in (3.10). The variation of the Chern-Simons action takes the form
δICS[A] =
∫
M
δAiFi +
∫
∂M
AiδAi ,
hence it has well defined functional derivatives if the boundary term vanishes. Relations
(3.14) and (3.15) yield the conditions on A+ and A¯−,
A1+ = O2 , A−+ = O1 , A++ = O1 ,
A¯1− = O2 , A¯+− = O1 , A¯−− = O1 ,
which are seen to be insufficient for the differentiability of ICS[A] and ICS[A¯]. Fortunately,
we can get rid of the problem in a simple manner — by adopting the refined conditions
A++ = O3 , A¯−− = O3 ,
compatible with the field equations. Equation (3.10a) then implies that I˜G is also differen-
tiable.
The boundary conditions (3.14) and (3.15) have the same form as in the teleparallel case
[15], the only difference being the different value of the constant ℓ. Following the same line
of arguments, based on the form of field equations and boundary conditions, one verifies
that the complete dynamics is located at the boundary, and is described by two chiral fields
(functions of only x+ or x−). According to the analysis of the preceding subsection,
– general dynamical evolution of these boundary fields follows the rules of a conformal
field theory possessing two different classical central charges.
IV. CONCLUDING REMARKS
In this paper we show that the general Riemann-Cartan topological 3D gravity (2.2) can
be formulated as an SL(2, R) × SL(2, R) Chern-Simons gauge theory, provided we stay in
its AdS sector, defined by the condition Λeff < 0. More precisely, we show that
i) the improved gravitational action (2.2) is represented as a linear combination of two
independent Chern-Simons actions, equation (3.10),
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and also that the gravitational AdS boundary conditions (2.7) transform into the standard
Chern-Simons boundary conditions (3.13). As a consequence,
ii) boundary dynamics of the general Riemann-Cartan gravity (2.2) is described by a
conformal field theory with two different classical central charges,
in contrast to the cases of GRΛ and the teleparallel theory [3,14].
One should note that in GRΛ and the teleparallel gravity, where c1 = c2, the non-trivial
boundary components of A and A¯ are associated with a single Liouville field [4,14]. The
corresponding effective two-dimensional action (the Liouville action) correctly reproduces
both the field equations and the central charge of the associated gravity theory. In the
general MB theory, the boundary fields can still be associated with a single Liouville field
subject to the Liouville field equations. The Liouville action, however, does not correctly
reproduce the needed two central charges. It would be interesting to find the form of an
effective 2-dimensional action that would correctly reproduce both the field equations and
the central charges of the general MB theory.
ACKNOWLEDGMENTS
This work was partially supported by the Serbian Science foundation, Serbia.
10
REFERENCES
[1] See the reviews: S. Carlip, Lectures on (2+1)-dimensional gravity, J. Korean Phys. Soc.
28, 447 (1995), preprint gr-qc/9503024; S. Carlip, Quantum Gravity in 2+1 Dimensions
(Cambridge University Press, Cambridge, 1998).
[2] J. D. Brown and M. Henneaux, Central charges in the canonical realization of asymp-
totic symmetries: an example from three-dimensional gravity, Commun. Math. Phys.
104, 207 (1986); see also M. Henneaux, Energy-momentum, angular momentum, and
superscharge in 2+1 dimensions, Phys. Rev. D29, 2766 (1984); J. D. Brown, Lower
dimensional gravity (Singapore, World Scientific, 1988).
[3] E. Witten, 2+1 dimensional gravity as an exactly soluble system, Nucl. Phys. B311, 46
(1988); A. Achucarro and P. Townsend, A Chern-Simons action for three-dimensional
anti-de Sitter supergravity theories, Phys. Lett. B180, 89 (1986).
[4] O. Coussaert, M. Henneaux and P. van Driel, The asymptotic dynamics of three-
dimensional Einstein gravity with negative cosmological constant, Class. Quantum
Grav. 12, 2961 (1995), preprint gr-qc/9506019.
[5] M. Ban˜ados, Global charges in Chern-Simons theory and 2+1 black hole, Phys. Rev.
D52, 5861 (1996), preprint hep-th/9405171; Notes on black holes and three-dimensional
gravity, Proceedings of the VIII Mexican School on Particles and Fields, AIP Conf. Proc.
490, 198 (1999), preprint hep-th/9903244.
[6] A. Strominger, Black hole entropy from near–horizon microstates, J. High Energy Phys.
9802, 009 (1998), preprint hep-th/9712251.
[7] J. Navaro–Salas and P. Navaro, A Note on Einstein gravity on AdS3 and boundary
conformal field theory, Phys. Lett. B439, 262 (1998), preprint hep-th/9807019.
[8] M. Ban˜ados, T. Brotz and M. Ortiz, Boundary dynamics and the statistical mechanics of
the 2+1 dimensional black hole, Nucl. Phys.B545, 340 (1999), preprint hep-th/9802076.
[9] F. W. Hehl, Four lectures in Poincare´ gauge theory, in Proceedings of the 6th Course of
the School of Cosmology and Gravitation on Spin, Torsion, Rotation and Supergravity,
held at Erice, Italy, 1979, eds. P. G. Bergmann, V. de Sabbata (Plenum, New York,
1980) p. 5; E. W. Mielke, Geometrodynemics of Gauge Fields – On the Geometry of
Yang-Mills and Gravitational Gauge Theories (Academie–Verlag, Berlin, 1987).
[10] M. Blagojevic´, Gravitation and Gauge Symmetries (Bristol, Institute of Physics Pub-
lishing, 2002); Three lectures on Poincare´ gauge theory, lectures presented at II Sum-
mer School in Modern Mathematical Physics, Kopaonik, Yugoslavia, September 2002,
preprint gr-qc/0302040.
[11] E. W. Mielke, P. Baekler, Topological gauge model of gravity with torsion, Phys. Lett.
A156, 399 (1991).
[12] P. Baekler, E. W. Mielke, F. W. Hehl, Dynamical symmetries in topological 3D gravity
with torsion, Nuovo Cim. B107, 91 (1992).
[13] A. Garc´ıa, F. W. Hehl, C. Heinecke and A. Mac´ıas, Exact vacuum solution of a (1+2)-
dimensional Poincare´ gauge theory: BTZ solution with torsion, Phys. Rev.D67, 124016
(2003), preprint gr-qc/0302097.
[14] M. Blagojevic´ and M. Vasilic´, Asymptotic symmetries in 3D gravity with torsion, Phys.
Rev. D67, 084032 (2003), preprint gr-qc/0301051.
[15] M. Blagojevic´ and M. Vasilic´, Asymptotic dynamics in 3D gravity with torsion, preprint
qr-qc/0306070.
11
[16] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Spacetime (Cambridge,
Cambridge University Press, 1973).
[17] M. Ban˜ados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional space-
time, Phys. Rev. Lett. 16, 1849 (1993); M. Ban˜ados, M. Henneaux, C. Teitelboim and
J. Zanelli, Geometry of 2+1 black hole, Phys. Rev. D48, 1506 (1993).
[18] M. Henneaux and C. Teitelboim, Asymptotically anti-de Sitter spaces, Commun. Math.
Phys. 98, 391 (1985).
[19] J. Zanelli, Chern-Simons gravity: from 2+1 to 2n+1 dimensions, Lectures at the XX
Econtro de Fisica de Particulas e Campos, Brasil, October 1998, and at the Fifth La
Hechicera School, Venezuela, November 1999, Braz. J. Phys. 30, 251 (1999), preprint
hep-th/0010049.
[20] S. Elitzur, G. Moore and N. Seiberg, Remarks on the canonical quantization of the
Chern-Simons-Witten theory, Nucl. Phys. B326, 108 (1989); M. Ban˜ados and A.
Gomberoff, Black hole entropy of the Chern-Simons formulations of 2+1 gravity, Phys.
Rev. D55, 6162 (1997), preprint gr-qc/9611044.
12
